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Examples on birth and death chain

Let X,, n > 0 be an irreducible birth and death chain on nonnegative
integers with birth probability p, > 0 for x > 0 and death probability

gy >0fory >1. Sety=1and~, = gy for y > 1. Recall that an
P1: - Py
irreducible birth and death chain on {0,1,2,...} is recurrent if and only if
o
IR
x=1
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Examples on birth and death chain

Consider the birth and dearh chain on {0,1,2,...} defined by

_ x+2
P<=ox 1+ 1)
and
B %
T+ 1)
Then, the chain is transient since 9 _ L, and it follows that
Px x+2
q1---Qx 1-2-.... x 2 o 1 1 )
’Vx_pl...px_3-4-----(x+2)_(x+1)(x—|—2)_ x+1 x+27
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Examples on birth and death chain

Thus,
o (0@
lew_z )
_(111111 )
- 233445
:23:1
2

We conclude that the chain is transient.
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Examples on birth and death chain

Now, 7x = 2(5i7 — 553)- Hence,
b—
Yy 2~ sh) _ (a+1D(b—x)
Pu(Ta < Tb) b—1 5(1 Ty (b
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Examples on birth and death chain

Recall that
b—1
=x"
P(Ts< Tp) = 72}[;:1( Y a<x<b.
y=a Yy
Thus, . .
n— X—
Pu(To < Ty = 2t =g - 20,
Zyzo Ty Zy:O Ty
for 0 < x < n.
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Examples on birth and death chain

Note that for x >0, 1 < Ty41 < Tyyo < ---. Hence {To < T,}52, forms

a nondecreasing sequence of events. By continuity of the probability, we
have for x > 1,

Px0 = PX(TO < OO)

= P(UpidTo < Ta})
= lim P(To< Ty
n—oo

-1
Z;:o Ty

Thus, )
- 2
Z;:O Yy Z;O:x Yy _ x+1 1

- 2 x+1

pxo =1— =
) Z;O:O’Vy Z;O:O’Vy
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Examples on birth and death chain

Remark. g, < pyx for all x does not imply the chain is transient. For
example, one may take v, = 1/2x by choosing q1/p1 = 1/2 and
Gn/pn = (n—1)/n for x > 2. Then,

[e.e]
D =00
x=0

and thus the chain is recurrent.
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Examples on birth and death chain

On the contrary, given an irreducible birth and death chain on nonnegative
integers, if py < gy for x > 1, then

nyy:uz qy>1+21¥—

y=1

This implies that p;g = 1. By one-step argument, we have
poo = P(0,0)po0 + P(0,1)p10 = ropoo + po-

Since pg + rp =1 and pp > 0, we have pgo = 1, that is, state 0 is
recurrent. As the chain is irreducible, it is recurrent.
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Examples on branching chain

Consider a branching chain such that (1) < 1.
If £(0) > 0, then for any x > 0,

P(x,0) = f(0)* > 0.
Since 0 is absorbing, any positive x is transient.

If £(0) =0, then X, is nondecreasing, that is, p,, =0 for x > y.
Moreover, for x > 0,

pxx = P(x,x) = f(1)* < 1.

Hence any positive x is transient.
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Examples on branching chain 2

Consider a branching chain with f(0) = f(3) = 1/2. The mean number of
offspring of one given particle is © = 3/2 > 1. Hence the extinction
probability p is the root of the equation

Lileoy
2 2

lying in [0,1). We can rewrite this equation as
(t—1)(?+t—1)=0.

This equation has three roots, namely, 1, ’1?@, and *15‘/3.

Consequently, p = %‘/5
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Examples on branching chain 3

Consider a branching chain. We would like to show E;[X,] = xu".
The conclusion holds trivially for x = 0. Now, for x > 1,

ZyP x,y) = E(X1) = E(@1+ &+ + &) = xE(&) =

Now,

E(Xa) = > yP(Xa=y)

yeSs
= S yv(> Plx.y)P(Xn-1 = X))
yeS  x€e8
= 3 PXar = ) (3 yP(x,y))
x€S yes
= MZXP 1—X ":XM"-
xeS
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Examples on queuing chain

We show that the chain is irreducible if and only if £(0) > 0 and
f(0)+f(1) < 1L

If £(0) =0, then P(x,x —1) = f(0) = 0 for x > 1. That implies py, =0
for x > y > 0. Hence the chain is not irreducible.

If f(0)+f(1) =1, then P(x,y) =f(y —x+1)=0for 1 <x <y. That
implies p,, = 0 for 1 < x < y. Hence the chain is not irreducible.

This proves the "only if’ part.
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Examples on queuing chain

Now, suppose f(0) > 0 and f(0) + 7(1) < 1.
For x >y >0,

Pxy = P(X,X— 1)P(X— 17X_2)“'P(y-|—1,y) — (f(O))X_y > 0.

Since f(0) + f(1) < 1, there exists xo > 2 such that f(xp) > 0. Then for
n>0,

P0,x0+n(x0—1) = P(0,x0)P(x0,% + (x0 — 1))
P(Xo —+ (Xo — 1),X0 —+ 2(X0 — 1)) cee
P(Xo + (n — ].)(Xo — 1),Xo + n(Xo — 1))
= f(x)"™ > 0.
Now for any states x, y, there exists n such that xo + n(xg — 1) > y. Since

x leads to 0, 0 leads to xg + n(xp — 1), xo + n(xo — 1) leads to y, x also
leads to y. Hence the chain is irreducible. This proves the "if" part.
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